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Abstract 

We obtain some sharp estimates for the p-torsion of convex planar domains in terms of their area, 
perimeter, and inradius. The approach we adopt relies on the use of web functions (i.e. functions depending 
only on the distance from the boundary), and on the behaviour of the inner parallel sets of convex polygons. 
As an application of our isoperimetric inequalities, we consider the shape optimization problem which 
consists in maximizing the p-torsion among polygons having a given number of vertices and a given area. 
A long-standing conjecture by Polya-Szego states that the solution is the regular polygon. We show that 
such conjecture is true within the subclass of polygons for which a suitable notion of "asymmetry measure" 
exceeds a critical threshold. 
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1 Introduction 

Let n C IR 2 be an open bounded domain and let p £ (1, +oo). Consider the boundary value problem 

— A p u = 1 in SI 



(1) 



u = on dVt , 

where A p u = div(| X7u\ p ~ 2 Vu) denotes the p-Laplacian. The p-torsion of Q is defined by 

T p (n) := [ \Vu p \ p = [ u p , (2) 



being u p the unique solution to dTJ in Wq' p (Q). Notice that the second equality in © is obtained by testing 
CD by u p and integrating by parts. Since CD) is the Euler-Lagrange equation of the variational problem 



there holds 



ndn J p (u), „ h e,eJ»=/(I|V, 



(3) 



T p (Cl) = min J p {u) . 



1 - P u£Wl' v {£l) 

A further characterization of the p-torsion is provided by the equality t p ({1) = S*^) 1 /^ -1 ), where 5(0) is 
the best constant for the Sobolev inequality IMI^i^ < S(Q) \ \ Vu \\ P LP ^ on Wq' p (Q). 
The purpose of this paper is to provide some sharp bounds for t p ($7), holding for a convex planar domain SI, 
in terms of its area, perimeter, and inradius (in the sequel denoted respectively by \dil\, and Rq). The 
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original motivation for studying this kind of shape optimization problem draws its origins in the following 
long-standing conjecture by Polya and Szego: 



Among polygons with a given area and N vertices, the regular N-gon maximizes T p . (4) 

A similar conjecture is stated by the same Authors also for the principal frequency and for the logarithmic 
capacity, see lfl3l . For N = 3 and A = 4 these conjectures were proved by Polya and Szego themselves lfT3l 
p. 158]. For N > 5, to the best of our knowledge, the unique solved case is the one of logarithmic capacity, 
see the beautiful paper fffl by Solynin and Zalgaller; the cases of torsion and principal frequency are currently 
open. In fact let us remind that, for N > 5, the classical tool of Steiner symmetrization fails because it may 
increase the number of sides, see (9j Section 3.3]. 

The approach we adopt in order to provide upper and lower bounds for the p-torsion in terms of geometric 
quantities, is based on the idea of considering a proper subspace W P (Q) of Wq' p (Q) and to address the 
minimization problem for the functional J p on W P (Q). More precisely, we consider the subspace of functions 
depending only on the distance d(x) = dist(x, <9S7) from the boundary: 

W p (n) = {ue Wo' p (U) : u(x) = u(d(x))} . 

Functions in W P {Q) have the same level lines as d, namely the boundaries of the so-called inner parallel sets, 
tit := {x £ H : d(x) > t}, which were first used in variational problems by Polya and Szego lfT3l Section 
1.29]. Later, in 0, the elements of W P (Q) were called web functions, because in case of planar polygons the 
level lines of d recall the pattern of a spider web. We refer to [5J [6J for some estimates on the minimizing 
properties of these functions, and to the subsequent papers (3j |U for their application in the study of the 
generalized torsion problem. Actually, the papers (3j HI deal with the problem of estimating how efficiently 
t p (Q) can be approximated by the web p-torsion, defined as 

P 

w v {£l) := min J v (u) . 

1 -p u&v P {Q.) 

While the value of t p (Q) is in general not known (because the solution to problem (Q} cannot be determined 
except for some special geometries of f2), the value of w p (Q,) admits the following explicit expression in terms 
of the parallel sets Q, t - 



where q = is the conjugate exponent of p, and Rq is the inradius of O (see fill"). 

Clearly, since W p (£l) C Wq' p (0), w p (Q) bounds t p (Q) from below. On the other hand, when Q is convex, 
t p (Q,) can be bounded from above by a constant multiple of w p (Q), for some constant which tends to 1 as 
p — > +oo. In fact, in (31 it is proved that, for any p G (1, +oo), the following estimates hold and are sharp: 

where C denotes the class of planar bounded convex domains; moreover the right inequality holds as an 
equality if and only if Q is a disk. Note that, if p — > +oo, then q — > 1 and the constant in the left hand side of 
© tends to 1. 

In this paper, we prove some geometric estimates for t p (Q,) in the class C, which have some implications in 
the conjecture ((U). More precisely, we consider the following shape functionals: 
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Let us remark that the above quotients are invariant under dilations and that convex sets which agree up to 
rigid motions (translations and rotations) are systematically identified throughout the paper. 
Our main results are Theorems Q] and [6l which give sharp bounds for the functionals ^} when Q varies in 
C. We also exhibit minimizing and maximizing sequences. These bounds are obtained by combining sharp 
bounds for the web p-torsion (see Theorem [2] and the second part of Theorem [6]) with ©. As a consequence 
of our results we obtain the validity of some weak forms of Polya-Szego conjecture ©. On the class V of 
convex polygons we introduce a sort of "asymmetry measure" such as 

ynev, 7 (n):=jMj€[i,+oo), 

where $7® denotes the regular polygon with the same area and the same number of vertices as Q. Then, if the 
p-torsion r p (Sl) is replaced by the web p-torsion w p (Q,), © holds in the following refined form: 

voep, w p {n) < -r(n)- q Wp (n®) . (8) 

Consequently, on the class Vn of convex polygons with N vertices, conjecture (O holds true for those Q 
which are sufficiently "far" from O®, meaning that exceeds a threshold depending on N and p: 

vn e v N ■. 7 (o) > r N , p , r p (n) < r p (n®) . (9) 

The value of the threshold TjVjj can be explicitly characterized (see Corollary |4| and tends to 1 as p — > +00. 
The paper is organized as follows. Section |2]contains the statement of our results, which are proved in Section 
|4]after giving in Section [3] some preliminary material of geometric nature. Section|5]is devoted to some related 
open questions and perspectives. 



2 Results 

We introduce the following classes of convex planar domains: 
C = the class of bounded convex domains in IR 2 ; 
C = the subclass of C given by tangential bodies to a disk; 
V = the class of convex polygons; 

Vn = the class of convex polygons having N vertices (JV > 3). 

Tangential bodies to a disk are domains Q, G C such that, for some disk D, through each point of dQ, there 
exists a tangent line to U which is also tangent to D. Domains inVC\C are circumscribed polygons, whereas 
domains in C a \ V can be obtained by removing from a circumscribed polygon some connected components 
of the complement (in the polygon itself) of the inscribed disk. In particular, the disk itself belongs to C . 
Our first results are the following sharp bounds for the p-torsion of convex planar domains. We recall that, for 
any given p G (1, +00), q := denotes its conjugate exponent. 

Theorem 1. For any p G (1, +00 ), it holds 
Moreover, 

• the left inequality holds asymptotically with equality sign for any sequence of thinning rectangles; 

• the right inequality holds asymptotically with equality sign for any sequence of thinning isosceles triangles. 
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By sequence of thinning rectangles or triangles, we mean that the ratio between their minimal width and 
diameter tends to 0. We point out that, in the particular case when p = 2, the statement of Theorem Q] is 
already known. Indeed, the left inequality in (fTOl) holds true for any simply connected set in R 2 as discovered 
by Poly a lfl2l : the right inequality in (TTQb for convex sets is due to Makai iTTTTl . though its method of proof, 
which is different from ours, does not allow to obtain the strict inequality. 

Our approach to prove Theorem Q] employs as a major ingredient the following sharp estimates for the web 
p-torsion of convex domains, which may have their own interest. 



Theorem 2. For any p G (1, +oo), it holds 



1 ^ w p (n)|0fi|* 



vugc, — - < ' < — -. (ii) 

' q + l |ft|<H-i - q + 2 

Moreover, 

• the left inequality holds asymptotically with equality sign for any sequence of thinning rectangles; 

• the right inequality holds with equality sign for 0, G C Q . 

Let us now discuss the implications of the above results in the shape optimization problem which consists in 
maximizing t p in the class of convex polygons with a given area and a given number of vertices: 



max 



{r p (0) : QGV N , |0| =m\. (12) 



We recall that, for any Q G V, 0,® denotes the regular polygon with the same area and the same number of 
vertices as Q. Moreover, we set 

notice that by the isoperimetric inequality for polygons (see Proposition [7]), 7(0) G [1, +00) and 7(fi) > 1 if 
U 7^ O®. With this notation, it is straightforward to deduce from Theorem |2] the following 

Corollary 3. The regular polygon is the unique maximizer ofw p over polygons in V with a given area and a 
given number of vertices. More precisely, the following refined isoperimetric inequality holds: 

Vfle?, w p (n) < -f(Q)- q w p (Q®) . (13) 

As a consequence, using ([6]), we obtain some information on the shape optimization problem (fT2l) : 

/"wJn®)\V<i 2 
Corollary 4. Let T N „ := ( p ;' — . Then, 

In particular, the p-torsion of the regular N-gon is larger than the p-torsion of any polygon in Vn having the 
same area and an asymmetry measure larger than the threshold T ^, p -' 

vri£V N , 7(0) > r NtP r p (n) < T P (n®) . (U) 

Some comments on Corollary [4] are gathered in the next remark. 
Remark 5. (i) Using again © we infer 

l<rV, P < , — tti <2 VN,p, UmT NtP = l. 
(q + iy/i p^+oo 

Hence, asymptotically with respect to p, the condition 7(fi) > T^v^ appearing in ([141 becomes not restrictive. 
Moreover, if p = 2, we have < 2/a/3 w 1.15 and the dependence on N of rjv,2 can be enlightened by 
using the numerical values given in [6] : 
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N 


3 


4 


5 


6 


7 


8 


9 


10 


20 


^N,2 ~ 


1.054 


1.089 


1.108 


1.121 


1.129 


1.135 


1.138 


1.141 


1.149 



(ii) Though the validity of ((U) is known for triangles, in order to give an idea of the efficiency of Corollary 01 
consider the case N = 3 and p = 2. The equilateral triangle 



1 , y 



i y 



^:={( X ,y)^y>o,-- + f 3 < x <--f 3 

satisfies \T®\ = & and |<9T®| = 3. The solution to © is explicitly given by 



r a ^ 

u{x,y) = s~ [y 



4 2 4 3 ,2 

ir + gir - ^ y 



V3 

so that r 2 (T®) = \/3/640. Moreover, by ® below we find w 2 (T®) = \/3/768 and, in turn, that r 3)2 
V^lO/3 « 1.054. 

Consider now the isosceles triangles T\. having the basis of length k > and the two equal sides of length 



<V \I^ + ^J sothat \^k\ = k + J^+k 2 and |T fc | = ^ = |T®| , 



(notice that T x = T®). Therefore, 



and j(Tk) > if and only if 2\/T0A; 3 — 10 k 2 + 3 > 0, which approximatively corresponds to k G" 
(0.760,1.301). 

We conclude this section with a variant of Theorems [Hand [2] 



Theorem 6. For every p G (l,+oo), it holds 



Vft G C, 



2" 



(9 + 2)29-1 - + 



Vft G C, 



1 



< w p (fl) 1 



(9 + 2)29-! - mn\ q+ i 



(15) 
(16) 



Moreover, 

• ?/ze inequality in (|15p w/f/z equality sign for balls; 

• the left inequality in (|16p /zo/cfc w/f/z equality sign for f2 G C ; 

• z^/ie ng/j£ inequality in (|16p /zo/tfc asymptotically with equality sign for a sequence of thinning rectangles. 

The right inequality in (fT5l) ij not sharp. In fact, for p = 2, one has the sharp inequalities 

WOc , 1 r 2 (fi) 1 
™ GC ' 8"i?p|-3' 

see lPT3l p. 100] for the left one, and iPTTll for the right one. 

Using the isoperimetric inequalities (PT5T ) and (fTBT) . one can also derive statements similar to Corollaries [3] and 
HJ where 7(0) is replaced by another "asymmetry measure" given by 



7(J2) 
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3 Geometric preliminaries 

In this section we present some useful geometric properties of convex polygons, which will be exploited to 
prove Theorem [2 First, we recall an improved form of the isoperimetric inequality in the class V, whose 
proof can be found for instance in [3 , Theorem 2]. For any f2 6 V, we set 

Cq := cotan , being 9i the inner angles of . (17) 

i 

Proposition 7. For every figf, it holds 

with equality sign if and only ifO.GVDCo, namely when Q. is a circumscribed polygon. 

Next, we recall that, denoting by Rq the inradius of any !]£?, for every t S [0, Rq], the inner parallel sets 
of Q, are defined by 

n t := {x e O : dist(x,<90) > i} 

(notice in particular that f2# n = 0). Then we focus our attention on the behaviour of the map t h-> Ch ( on the 
interval [0, Rq], and on the related expression of Steiner formulae. For every S7 £ P, we set 

:= sup {t 6 [0, : fit has the same number of vertices as fi } . 

Clearly, if vq < Rq, the number of vertices of Q t is strictly less than the number of vertices of fi for every 
t € [tq,Rq). 

Proposition 8. For every fi € V and t > 0, Q t £ V and the map t \— )■ Cn t is piecewise constant on [0, ifo). 
Moreover, for every t G [0, rn], if /zoWs 

|^| = |0| - \dU\t + C n t 2 and |<9fi t | = |<9fi| - 2C n t. (19) 

Finally, for every t £ [0, it holds 

\on t \ < \on\ - 2vrt. (20) 

Proof. For t small enough, the sides of fi 4 are parallel and at distance t from the sides of fi, and the corners 
of fit are located on the bisectors of the angles of fi. tq is actually the first time when two of these bisectors 
intersect at a point having distance t from at least two sides, see Figure Q] 



Figure 1 : Intersection of bisectors 

Therefore, for t < vq, fit has the same angles as fi (so Cn t = Cq by (fTTTl). and we notice that the perimeter 
of grey areas in Figure|2]is 2t cotan(0j/2), and their areas are t 2 cotan(0j/2), which gives (fT9l) (still valid for 
t = tq by continuity). 
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t 



Figure 2: How to derive Steiner formulae 

Let us now show that the map t \-> Cn t is piecewise constant on [0, Rq), assuming that tq < Rq. Once 
t = vq, Q t still has sides parallel to the ones of Q, but loses at least one of them. Again, Cn t is constant for 
t > vq until the next value of t such that another intersection of bisectors appears (we now consider bisectors 
of O rf2 ). The number of discontinuities of 1 1-)- Cn t is finite since Q, has a finite number of sides, and therefore 
iterating the previous argument, we get that t \-> Cn t is piecewise constant. 

Finally, from (fTTT ) we infer that Cq > n for any G V, so that (1201 ) follows from the concavity of the map 
t i-> \dtt t \ on [0, Rq] (see ffl Sections 24 and 55]). □ 

A special role is played by polygons flG? such that tq = Rq, namely polygons Q whose inner parallel sets 
all have the same number of vertices as Q itself. These are polygonal stadiums, characterized by the following 

Definition 9. We call S the class of polygonal stadiums, namely polygons P e G V such that there exist a 
circumscribed polygon P G V n C Q having two parallel sides, and a nonnegative number I such that, by 
choosing a coordinate system with origin in the center of the disk inscribed in P and the x-axis directed as 
two parallel sides of P, P e can be written as 



i 



U([4I 



Rp,Rp))\J(P+ + 



2'° 



(21) 



where P_ (resp. P + ) denotes the set of points (x, y) G P with x < (resp. x > 0), and Rp is the inradius of 
P, see Figure [3] 



P. 



/Rp ^ 




Figure 3: A circumscribed polygon P and a polygonal stadium P e 



Proposition 10. Let fieP. TTiere /joZJ^ = Rq if and only iftl^S. 

Proof. We use the same notation as in Definition [9] Assume that = P e G S. Then the bisectors of the 
angles of $7 intersect either at (— |, 0) or at (|, 0), which are at distance Rq from the boundary, see FigurelU 
In particular, if is circumscribed to a disk, namely if £ = 0, then the bisectors of the angles of SI all intersect 
at the center of the disk. Therefore, £l t has the same number of sides as $7 if t < Rq. 
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Figure 4: Parallel sets of a polygonal stadium P e 



Conversely, assume that Rq = m. The set {x G Q, : d(x) = Rq} is convex with empty interior, so either it 
is a point, or a segment. If it is a point, then its distance to each side is the same, and therefore the disk having 
this point as a center and radius Rq is tangent to every side of Q, so that U is circumscribed to a disk. If it is a 
segment, we choose coordinates such that this segment is [(— | , 0) ; (|, 0)] for some positive number £. Every 
point of this segment is at distance Rq from the boundary, so fi contains the rectangle (— |, 4) x (—Rq, -Re- 
considering 

p==rnn{,<-£} + (|.o))U(nn + (-|,o^ 



we have that P is circumscribed and = P 



□ 



Remark 1 1. Thanks to Proposition [TOl for any polygonal stadium P , the validity of the Steiner formulae ( fT9l ) 
extends for t ranging over the whole interval [0, Rpt]. Moreover, the value of the coefficients \P e \, \dP \ and 
Cpt appearing therein, can be expressed only in terms of \P\, Rp, and £ (see SectionlU). It is enough to use 
the following elementary equalities deriving from decomposition (|2TT > 



\P*\ = \P\ + 2£R P , \dP l \ = \dP\ + 21 , 
and the following identities holding for every P G V n C a 

c ? = w P - m 



Cpt — Cp , Rpi — Rp , 



2\P\ 



Rp 



(22) 



Finally, we show that the parallel sets of any convex polygon Q are polygonal stadiums for t sufficiently close 
to Rq: 

Proposition 12. For every Q G V, there exists t G [0, Rq) such that the parallel sets fit belong to S for every 
t G [t,R n ). 

Proof. We define t as the last time t < Rq such that Q, loses a side (we may have t = 0). Therefore 
Vt G \t, Rq\ , Qt has a constant number of sides, and so is in the class S by Proposition [TO] □ 



4 Proofs 

4.1 Proof of Theorem H 

We first prove Theorem |2] for Q G V, then we prove it for all O £ C. 
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• Step 1: comparison with inner parallel sets. For a given Vt G V, we wish to compare the value of the energy 
Wp \n\q+^'' wrtri the one of its parallel set tt e for small e. To that aim, we use the representation formula (f5]) 
for w p (Q), and Steiner's formulae (fT9l >. In applying them we recall that, by Proposition [8] the map t \-> Cn t 
is piecewise constant for t G [0, Rq), and in particular it equals Cq on [0, rn]. Taking also into account that 

(fl e )t = &e+t, as e — > we have 



\n £ \i+ 1 



Rn- 



l»(n*)*l«- 



|0 £ |«+i 



(23) 



|ntl« 



T dt 



[\dSl\-2Cne] 



[\Q\ - \dQ\e 



9+1 



+ o(e) 



u?p(n) 



mi 9 



w p (^)|ao| g 



+ 



\dn\ 

(9+1: 



9-1 



2 W. 



i+( « +i) W e 



+ o(e), 



9+1 



IOW+ 2 



. c n w p (n)\dn\ c - 



101 



2g 



e + o(e), 



so that 

Wp (o £ )|do £ |g 



IOI9+1 



(3 + 1 



9+1 



|0|<?+ 2 



-iop(n) 



Tor 



2q 



c n w p (n)\dn\ 
\n\i+ 1 



9-1 



e + o(e). (24) 



As we shall see in the next steps, formula (1241) will enable us to reach a contradiction if (ITTb fails. 

• Step 2: if illl fails for some convex polygon then it also fails for a polygonal stadium. Let O £ f \ 5, and 
assume that 0~\\ fails. We have to distinguish two cases. 
First case: Assume that 

w p (Q)\dn\i 2 



> q + 2' 

Using the isoperimetric inequality (fT8l) and (l25l) . one gets 



(25) 



(3 + 1) 



9+1 



-w p (U) 



2q 



Cnw p (n)\dn\ 



9-1 



> 



q + 2\dQ\ 



\n\i+ 2 PK ""> |n| i $■>!'/+ i 

Inserting this information into (1241 shows that 

w p (Q £ )\dn £ \ q Wp (n)\dn\ q 



\n\ 



w p (n)\dn\ c < 



|fi| 



9+1 



+ 2 



> 0. 



IOJ9+ 1 



> 



for sufficiently small e. In fact, more can be said. By Proposition [8] we know that Cn t = Cq for all t G [0, rn)- 
By extending the above argument to all such t, we obtain that, if (|25l > holds, then the map t \-t Wp ^Jl+^ q 
strictly increasing for t G [0, rn). In particular, by (T25T ). 



is 



Wp (n e )\dn e \« 



Wp(0)|gg|g 2 

> mi^+i > ^T2 



Ve€ (0,r n ]. 



So, if O rn G 5 , we are done since it violates (ITTT t- At i = rn the number of sides of U t varies. If Q Tfl ^ S, 
we repeat the previous argument to the next interval where Cci t remains constant. Again, the map t h-> 
w p (n t )\dn t \ q - s str j ct jy i ncr easing on such interval. In view of Proposition [121 this procedure enables us to 



|n t |9+i 

obtain some polygonal stadium such that 
Second case: Assume that 



holds. 



wp(n)\dn\ c 

IOI9+1 



< 



3 + 1 



(26) 
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Hence 

[q+ ' |o|9+ 2 p[ j \n\ q |n|9+i 

, n . 1 2g C n u> p (fi)|0fi|«- 2 



(<? + 1) 7nT 



< o. 



pv ; g + l g + 1 |n|« 

Inserting this into (1241 and arguing as in the previous case, we see that the map t \-t Wp j^|jffi^ is strictly 
decreasing for t G [0, -Rq). In view of Proposition [l2j this proves that there exists some polygonal stadium 
such that ((26l) holds. 

• Step 3: explicit computation for a polygonal stadium. Let $7 = P £ G S be a polygonal stadium. We are 
going to derive an explicit expression for the function 

«>o. 

We point out that, in the special case £ = 0, $7 G V n C Q (namely fHs a circumscribed polygon), and it is 
proven in [4, Proposition 2] that 

In particular, formula d27l ) shows that the upper bound in (fTTI ) is achieved when Q G C G . 
We now show that the above formula can be suitably extended also to the case I > 0. Our starting point is the 
representation formula (f5]). Therein, we use the Steiner formulae (fT9l >; in particular, by Propositions |8l and [TOl 
we know that Cn t = Cq for every t 6 [0, ifo)- Moreover, since P G P n C D , we can exploit identities (1221) . 
Setting for brevity 

2RI 

A:=\P\, R :=R P , x := 



we obtain 



= (2^ + 2£) 9 /* (A + 2i^-2ft-2» + ^) g 
(4 + 2itf) 9+1 7o (2£ + 2^-2^t)^ 1 

(x + 2)1 f 1 (1 + x - xt - 2t + t 2 ) 9 



(x + l)9 +1 7o (a: + 2 - St)*" 1 
(x + 2)<? f 1 ti(x + t) q 



(x + l)i +1 J (x + 2t)i- 1 



dt . (28) 



Of course, taking x = in (|28T ) gives again (|27T ); on the other hand, taking x — > oo gives the asymptotic 
behaviour for thinning polygonal stadiums. 

• Step 4: In view of equality (l28l) obtained in Step 3, the estimate (fTTI) will be proved for any polygonal 
stadium, provided we show that for all q G (1, +oo) one has 

^- < f 1 ^E+gl * < _A_ Vx G (0, +00). (29) 

g + 1 (x + l) q+1 Jo (x + 2t)i~ l q + 2 1 ' ' 

With the change of variables t = xs, the inequalities in (l29l become 



1 (x + l) 9+1 /"V* ,99(1 + s) q , 2 (x + l)« +1 

</ „ o„J-i d»<— ^ J^' oNn VxG(0,+oo) 



q + lx q + 2 (x + 2) q J (l + 2s)i- 1 q + 2xi+ 2 (x + 2Y 
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In turn, by putting y = 1/x, the latter inequalities become 



1 yi +1 (l + y)i +1 
q+1 (l + 2y)i 



< 



(l + 2a) 



9-1 



q + 2 (l + 2y)i 



(30) 



In order to prove the right inequality in (l30l . consider the function 



y s q {i + s y 



ds 



2 yi +l (l+y)i+ l 



y G (0,+oo) 



;i + 2s)9" 1 "" q + 2 (l + 2y)« 
and we need to prove that &(y) < for all y > 0. This is a consequence of the two following facts: 

q yi{l + V y 



$(0) = 



*'(y) 



g + 2(l + 2y)9+i 
In order to prove the left inequality in (l30l . consider the function 



< 0. 



" s«(l + s)9 



(is 



1 + 



y G (0,+oo) 



(1 + 2S)?- 1 " q + 1 (l + 2y)« 
and we need to prove that ^(y) > for all y > 0. This is a consequence of the two following facts: 

2q y* +1 (l+y)* +1 



*(0) = , tt'(y) 



> 0. 



9 + 1 (1 + 2y)9+i 
Both inequalities in (l30b are proved and ( f29T > follows. 

We point out that, in the case q = 2, some explicit computations give the stronger result that the map 

2)i f 1 ti{x + t) q 



x ' y 



(x 



x + 1)<? +1 J (x + 2t)i- 1 



dt 



is decreasing. We believe that this is true for any q, but we do not have a simple proof of this property. 

• Step 5: conclusion. Let $7 G V and assume for contradiction that O violates (TTTb - Then by Step 2 we know 
that there exists a polygonal stadium which also violates (TTTb - This contradicts Step 4, see (|29l ). We have so 
far proved that (fTTT) holds for all Q G P. By a density argument we then infer that 



vn g c, 



1 _ w p (n)\dn\ q < 2 
q+1 ~ ~ g + 2' 



(31) 



Therefore, in order to complete the proof we need to show that the left inequality in (I3TI ) is strict. Assume for 
contradiction that there exists Q, G C such that 



w p (n)\dn\ c 
\n\*+ 1 

Take any sequence n k G P such that Q fc D ft and ft fe 
as in (l23l . combined with (l20l) . enable us to obtain 



1 



g + 1 



(32) 



Q, in the Hausdorff topology. Similar computations 



Wp (nl)\dn k £ \i 



\n k \i+ 1 



< 



|9f2 t fc |9- 



2vr e 



- |dft fc |e 



9+1 



w p (n k )\dft k \i 



|n*| 



\dQ k \ 



2q 



irw p (n k )\dn 



k\q-l 



\Q k \ 



9+1 



£ + Ct£ , 
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where a is some positive constant, depending on but not on k. Therefore, since n k t -> VL t for all t G [0,-R n ], 
we have 



< 



o(l) - 2q 



+ o(l) 



7ra7p(fi fc )|dn 



fc|q-l 



l« fc l 



9+1 



e + ae 2 + o(l) 



where o(l) are infinitesimals (independent of e) as k — > oo. Hence, by letting k — > oo and taking e sufficiently 
small, we obtain ^j^jlffi^ < ^r[> which contradicts (f3TT >. 

4.2 Proof of Theorem ffl 

The inequalities (TTOb follow directly from (fTTT) and ((6]) so we just need to show that they are sharp. 

For the right inequality, take a sequence of thinning isosceles triangles T k . Then, by Theorem |2] we have 

= J_ foralu 

|Ti|«+l ,, + 2 

On the other hand, by El Proposition 3] and © we know that 



lim 



w p {T k ) _ q + 1 
££o T p {T k ) ~ 2i 

and therefore 



lim 



r p (T k )\dT k \i _ 29+ 1 



fc^oo |T fc |9+i (g + 2)(g + l)" 

For the left inequality, we seek an upper bound for r p (0) by using the maximum principle. For all I G (0, +oo) 
let = (— |, | ) x (—1,1) and let ui be the unique solution to 

— A p U£ = 1 in O , ii£ = on <9S7 £ . 
Letu^y) = 2=1(1 - 1^1^/0-1)) so that 

— ApUoo = 1 in Q , > on dfi . 

By the maximum principle, we infer that > U£ in fr so that 



qi Jn e P Jo 2p - 1 t? + 1 

Hence 

1>liminf ^> liminf (i±iHM = 1 

where the last equality follows from Theorem [2 Combined with Theorem |2l this proves that 



lim 



\n e \i+ 1 g + l 
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4.3 Proof of Theorem © 

Since it follows closely the proof of Theorem [Q we just sketch it. We first prove the counterpart of Theorem 
|2]and we follow the same steps. 

• Step 1. Given 6 P and using Rq e = Rq — e + o(e) we prove: 



w p (£l e ) _ u> p (Q) _ e 
i?n £ |0 £ | ifo|0| ~ i$|0 



q \dn\ 
Rn |0| 



\on\ 



Q\ q 

' +o(e). (33) 



9-1 



• Step 2. We prove that, if ( fTBT ) fails for some fie?, then it also fails for a polygonal stadium. To that end, 
we estimate the sign in 031 with the help of the following classical geometric inequalities (see HI) 

101 2101 
VO gC, ^ < \dn\ < 



Rn 1 1 " Rn 

• Step 3. Again, explicit computations can be done for a polygonal stadium, and with the same notation as in 
the proof of Theorem [U we get: 



• Step 4. In view of Step 3, estimate (fT3T > is proved for any polygonal stadium, provided for all q G (1, +oo) 
one has 

1 If 1 t q (x + t) q 1 

t ; r< / — -i ^-rdt< VxG(0,+oo). (34) 

(g + 2)29-1 x + l,/ (x + 2t)9~ 1 g + 1 ^' ' V 7 

With the change of variables t = xs and putting y = l/x, the inequalities in (l34l) become 

</ Fi , o \ n _i dg < n VyG(0,+oo). (35) 



(g + 2)29-1 y Q ^ + 2s )«-i g+ i 
Some tedious but straightforward computations show that 

yi+i g + 1 ^(1 + j/) 9 ^ g + 2 +1 

r + 7 : rV y < ~, r T < V q ^ + V q VV G (0, +00) 

21- 1 (q + 2)2 q ~ iy (l + 2y)"- 1 g+1 
and (|35T > follows after integration over (0, y). 

• Step 5. The previous steps leads to ( fT6l ) for polygons and by density for convex domains. The strict right 
inequality in (fTBT ) can be obtained by reproducing carefully the computations in Step 1, similarly as done in 
Step 5 of Section O 

Now the counterpart of Theorem[2]is proved, and we may use © in order to get (fTBT) from (PToT) . Balls realize 
equality in the left inequality of (031 ) because the are at the same time circumscribed and maximal for the 
quotient w p /r p . 

5 Some open problems 

We briefly suggest here some perspectives which might be considered, in the light of our results. 

Sharp bounds for the p-torsion in higher dimensions. In higher dimensions the shape functionals t p and w p 
can be defined in the analogous way as for n = 2. In 0, Crasta proved the following sharp bounds: 

V O bounded convex set C JR n , ^-^1 < W2 ff) < i . 

2n 72(0) 
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Therefore it seems natural to ask: what kind of isoperimetric inequality can be proved for w p and r p among 
convex sets in El n ? In this direction, let us quote an inequality proven in [7], obtained by a strategy similar to 
our approach, that is by looking at the level sets of the support function: 

T 2 (n)\dn\ T 2 (B)\dB\ 
V n bounded convex set C IR , „ ' 1 > ^ , ' 1 IB is a ball of IR n . 

Rn\U\ z R B \B\ Z 

Sharp bounds for the principal frequency. A notion of "web principal frequency" can be defined (in any space 
dimension) similarly as done for the web torsion, that is 

:= inf \ JQ 2 ' : u G VW 2 (fi) 

Writing the optimality condition in the space W2(fi), one can express A^(f2) as 



X+(Q) = inf { Jo rRn : ptH^Rn), p(0) = j- , where a{t) = \dtl t \. 



It is clear that ($7) > Ai (fi), with equality sign when is a ball. On the other hand, the following questions 
can be addressed: 

• Find a sharp bound from above for the ratio Xf(Cl)/ X\ (0) among bounded convex subsets of IR n . 

• Is it possible to apply successfully the same strategy of this paper, that is find sharp bounds for Xf (O) 
and then use the estimates on the ratio Xf (0)/Ai(f2), to deduce sharp bounds for Ai(0)? In particular, this 
approach might allow to retrieve the following known inequalities holding for any bounded convex domain 
n ClR 2 (seeHa[n][ni): 



T6- Xi{n) m 2 -^ and t- Ai( ^- j ° 2 - 
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